This paper investigates the experimental dynamics of a beam structure that supports an attached rigid body and that can impact a comparatively compliant base structure. The problem area is motivated by impact phenomena that are observed in certain structures internal to nuclear reactors. The assembly is subjected to base excitation at specified frequency and acceleration, and the resulting displacement and velocity time histories are recorded and used to obtain spectra, phase diagrams, and Poincaré sections. The measurements validate simulation results obtained by using a constraint and modal mapping method based on the two sets of modes when the structure is in-contact, and when it is not-in-contact. Generalized coordinates are mapped across the impact discontinuities in the modal representation. The forced response simulation predicts the test specimen's response over a range of excitation frequencies. The specimens are fabricated as single integral structures from acrylnitrile butadene styrene plastic through rapid prototyping technology in order to eliminate the undesirable dissipation and flexibility arising from joints and connections. The experimental system can exhibit complex response characteristics, and the influences on complexity of deadband clearance and of asymmetry in the point of impact are examined in the experiments.
Introduction
Repetitive impact involves intermittent and potentially periodic contact between vibrating surfaces that are nominally separated from one another as a result of clearances or manufacturing tolerances. A wide variety of machinery is susceptible to repetitive impact, which in turn is manifested by noise, wear, or damage. In the motivating case of structural components in a nuclear power plant, contact can occur between reactor rods or steam generator tubes and their respective supports. Clearances are intentionally present between reactor rods and their support structures in order to compensate for thermal expansion, and between steam generator tubes and their support plates. In each case, repetitive impact vibration can be driven by flow through the primary and secondary coolant loops, or by other ship-borne vibration sources in naval applications. Such impacts can cause undesirable fretting, wear, and degradation of those components.
Repetitive impact vibration is complex, and its character can be highly-dependent on geometry and excitation frequency. Aside from resonances at the system's natural frequencies and their harmonics, bifurcations, grazing impacts, fractional harmonics, and aperiodic behavior can also occur. In what follows, an idealized model of a slender beam and rigid body structure is examined both experimentally and analytically in order to understand the complexity of response for a prototypical continuous system in which multiple modes are excited, and interact, during impact events. While the results are not immediately applicable to the motivating applications, they are representative of the nonlinear impact phenomena that develop in slender continuous structures having high modal content. Laboratory experiments are conducted to explore responses over a range of excitation frequencies, and the measurements are compared with results from a companion analysis [1] . The measurements focus on the two parameters -the location of contact and the static clearance be-tween the impacting surfaces -that play the greatest roles in setting the qualitative character of the response. In an analogous vein, greater clearance between steam generator tubes and their support plates has been shown to increase material wear rates [2] , and sensitivity to gap clearance is also exhibited by the experimental specimen in this investigation.
The literature on experimental studies of repetitive impact vibration includes studies of discrete and continuous systems that contact during vibration. For instance, impact responses have been examined for a single degree of freedom system through analog and digital simulations [3] and through laboratory experiments [4] . The measurements disclosed by de Weger et al. [5] show that grazing impacts evolve into period-adding bifurcations as the excitation frequency is varied. In that study, a ceramic mass was connected to a leaf spring and could repetitively contact a steel plate. For an analogous single degree of freedom system, the period-one motion bifurcated into period-three and higher-order motions, and subsequently evolved into aperiodic motion. Fang and Wickert [6] , and Yagci et al. [7] , obtained the experimental frequency response of a cantilever beam that supported an end mass and that could impact a vibrating surface. The response exhibited a recurring pattern of resonances, period-doubling bifurcations, and regions of aperiodic motions. In the investigations of van de Vorst et al. [8] and van de Wouw et al. [9] , subharmonic resonances were experimentally identified for a cantilever beam subjected to tip impact arising from sinusoidal and random base excitations, respectively. Denoted as fractional harmonics here, the intermediate resonances also developed between the system's fundamental frequency and its higher integer-order harmonics. Also with a view toward complex response, Chu and Lu [10] presented data for a rotating rubimpact test stand, and they showed that the order of the fractional resonant harmonics is related to the number of discrete masses attached to the apparatus. Bonsel et al. [11] used a beam apparatus to experimentally demonstrate the existence of the first, second, and third harmonics as well as one half-order and one third-order subharmonics in the structure's repetitive impact frequency response. Response measurements for a slender beam system [12] were compared to simulations using finite elements and component mode synthesis, and the results confirmed the existence of subharmonics up to the fifth order.
Measurement Method
The test specimens were manufactured through the process of fused deposition molding, which is a rapid-prototyping method employing acrylnitrile butadene styrene plastic. Individual layers, each of 254 µm thickness, were sequentially deposited in order to build a monolithic structure having no mechanical joints and low dissipation. The fatigue properties of the material were found to be satisfactory for the duration of the present experiments; at larger excitation levels and greater impact forces, however, some test specimens did fracture in a manner consistent with the layered fabrication process. Such failures were minimized to the extent possible by incorporating stress relief features in the structure's design. The relatively low modulus of the plastic, when compared to other materials that could have been used in fabrication, enabled significant deflections to be generated during testing, even with modest base excitation levels.
The specimen's geometry was designed for repetitive contact between a rectangular body that was attached to a beam and a threaded rod that was attached to a base. As shown in Figure 1(a) , the monolithic specimen comprises the flexible beam-block structure and its supporting base structure. To guard against fracture or fatigue failures, 3.18-mm radius rounds were used to smooth geometric transitions between each change in the structure's cross-section. The vibration modes at which the supporting end blocks exhibit significant motion and coupling with the beam-block occur at frequencies greater than 3.50 kHz, ensuring that the beam's vibration was essentially uncoupled from the supports over the frequency range of interest in the impact experiments. A 4.30-mm diameter threaded nylon rod was inserted through the specimen's base and secured with a nylon nut to provide the opportunity for contact to occur; the length could be adjusted to vary the clearance c between it and the beam-block. With the parameters provided in Table 1 , two test specimens were fabricated: one with the impact location central on the rigid body, and another with variable location along the rigid body's centerline for asymmetry studies.
The specimen was attached to an aluminum adapter plate by ten 6.35-mm diameter bolts that were preloaded to torque 11 Nm. The plate, in turn, was bolted to a 1112-N electromagnetic shaker (MB Dynamics) and driven at a constant acceleration by a sine-sweep controller. A Michelson laser interferometer (Poly- tec) was used to measure the relative displacement and velocity between the center of the block (target laser beam) and the base plate (reference laser beam). Patches of retroreflective tape were affixed to each measurement location to improve reflectivity of the beams. For a specific frequency of base excitation, time histories for the beam-block's response were captured by a data acquisition system (National Instruments) with 5-15 kHz sampling rates. The stiffness k of the contact interface between the block and rod was measured through a series of tests using a commercial modal testing hammer (PCB Instruments) with various added inertias and contact surfaces. By measuring the duration of the half-sine force pulses during impacts, k was determined for the collective interface of the block and rod. First, upon impact with a reference steel surface, the modal testing hammer was considered to be a single degree of freedom oscillator supported by the (approximately equal) stiffnesses k tip of the hammer's tip and the reference surface in series. With the unknown quantities being the effective mass of the hammer m eff and k tip , the pulse's width is
Second, a similar measurement was conducted with additional (known) proof mass m attached to the hammer's head. The measured force pulse τ 2 then becomes
Third, the pulse duration τ 3 was measured for the hammer with the steel tip, but without m , impacting the test block while in contact with the rod, and
With τ 1 = 468±8 µs, τ 2 = 670±9 µs, τ 3 = 2.17±0.02 ms, and m = 28.0 g, the effective interface stiffness becomes
or k = 1.78 MN/m, on the basis of 10 measurement trials. When the block was not in contact with the rod, the beamblock structure's fundamental frequency was measured to be 64.0±0.5 Hz, and the damping ratio was 0.66%±0.06% as found by the logarithmic decrement method. When the system was in contact with the rod, the frequency and damping ratio of the fundamental mode increased to 263±0.7 Hz and 3.5%±0.18%, respectively. Those numerical values are used in the following model for the purposes of comparing measured and predicted responses.
Model and Simulation
The vibration model ( Figure 2 ) consists of a rigid body that is supported at each end by two Euler-Bernoulli beams. The compliant end conditions of rotational stiffness k T are representative of the test specimen and account for potential flexibility of the base and supporting structure. Each beam segment i = 1 or 2 is rectangular in cross-section with area A i as the product of width b i and height h i , and the second moment of area
Beam portions "1" and "2" likewise each have modulus E i , density ρ i , and free span length L i . The displacements of the portions on either side of the rigid body are denoted by w 1 (x 1 ,t) and w 2 (x 2 ,t) where the local coordinates are x 1 = x and x 2 = L − x. The motion of the rigid body couples with the two beams through the translational y and rotational θ degrees of freedom, where y denotes the body's centroidal displacement. Contact between the body and the base occurs at distance a along the body's length L m . The prospective asymmetry of the structure about the rigid body's centroid, and the clearance or standoff gap, contribute to the complexity of the structure's response, and those effects are examined in the context of the model and experiments in Sections 5 and 6.
Several analytical approaches can be taken to treat the dynamics of structures subjected to impact, including the Fourier [13] , continuation [14] , harmonic balance [15] , and finite element [16] [17] [18] methods. The piecewise methods can be classified broadly as techniques involving either one continuous state in the presence of a discontinuous force [19] , or multiple physical states that switch discontinuously [20] . The mapping method used here is a hybrid approach in which the physical displacement and velocity of the beam-rigid body structure are continuous and smooth across the impact, and loss of contact, events, but the modal coordinates discontinuously switch from one set to the other. This approach is appropriate for the system at hand since the modal coordinates are a preferred representation of a continuous system's dynamics.
Motion of the rigid body and the two beam system is viewed as switching sequentially between two states S ( j) , within each of which vibration is linear: State j = 0 refers to the configuration in which the rigid body does not contact the spring, and state j1 refers to the case in which the body does contact the spring. The configuration is given by the state vector
where the elements of w ( j) correspond to the displacements and rotation of the system in state j. For brevity, an "x" subscript denotes differentiation with respect to x 1 for terms involving w 1 , and with respect to x 2 for terms involving w 2 . Displacements are subject to the boundary conditions
, where e(t) is the base's motion and the comma-subscript notation denotes partial differentiation.
The equations of motion for the rigid body and the two beam segments are M w
for j = 1 or 2. Here the inertia operator is
where the rigid body has mass m and moment of inertia J. The stiffness operator in S (0) is
and in S (1) , it is instead given by
With the base motion e(t) = e 0 sin (2π f o )t), the superposition
and the state vector
the boundary conditions become homogeneous:
with the body force vector
The mode shapes associated with Equation (11) are
where Y and Θ are constant amplitudes. The φ ( j) are orthogonal with respect to the mass and stiffness operators since they are self-adjoint. With the subscripts p and q denoting two different modes in S ( j) , the orthonormality relationships become Mφ
, where the •, • notation represents the inner product calculated in terms of integrations along the lengths of the beams and the scalar displacement and rotation of the rigid body. During forced vibration, motion in S ( j) is given by the superposition
where the η 
Here ξ ( j) is the measured modal damping ratio for the system in state j, as described in the preceding section. The j th modal force
is the projection of the body force in Equation (13) onto the corresponding mode shape in either state S (0) or S (1) . For the simulation results, N = 6 is sufficient to describe motion of the beam-rigid body system over the frequency range investigated in the experiments.
The times t k of contact or loss-of-contact are determined by finding the instants at which a zero crossing of the gap dimension occurs. The physical displacement and velocity of the beam and rigid body system just before an impact or rebound event (t − k ) are identical to those just afterwards (t
Switches between the in-contact and not-in-contact states are managed by mapping the modal coordinates according to
based upon the continuity conditions in Equation (16) . The constant transformation matrix T (01) is defined entirely by projections of the eigenfunction sets in each S (0) and S (1) on one another. The i-j element of T (01) is the mass-weighted projection as follows:
Analogous to Equation (18) , the companion matrix T (10) =
T (01)
T maps the two sets of coordinates during loss of contact for motion from S (1) to S (0) .
For illustration, Figure 3 describes the manner in which the mapping is applied between the two sets of modal coordinates. The simulated time history of the beam-block's displacement in Figure 3 (a) depicts motion over approximately two excitation cycles during which the test specimen exhibits an aperiodic response. Linear vibration occurs in S (0) with the modal coordinates η (0) i ; T (01) maps η (0) to η (1) across contact; linear vibration occurs in S (1) with the modal coordinates η (1) i ; and T (10) maps η (1) back to η (0) across loss-of-contact. The maps transform modal coordinates for each of the two impacts and two rebounds: T (01) for the transitions labeled B-C and F-G, and T (10) for the transitions D-E and H-I. The coordinate trajectories are shown in Figure 3 i coordinates for N > 1 also respond, and they are included in the simulation, but for brevity 1 /2π = 263.6 Hz, which is within 1% of the measured value. As shown in Figure 4 , the first three natural frequencies for S (0) and S (1) are within 2% of the values predicted on the basis of ideal fixed end conditions. By the sixth mode, however, the in-contact natural frequencies for the compliant and fixed end models diverge by 6%. Compliant end conditions are specified in the model since up to six modes are needed for convergence in the forced response studies, and since the repetitive impact frequency response functions are sensitive to the choice of end conditions.
Comparison of Time Responses
In this section, measured and simulated responses are compared over a range of base excitation frequencies in order to examine the periodicity of the system's response and to validate the model. As shown in Figure 5 , the beam-block structure exhibits period-one response, for which an impact occurs once per cycle, at excitation frequency f o = 78.7 Hz. After each impact, the third S (0) mode contributes to the response in both the measured and simulated results. That is, higher frequency oscillation after impact in Figure 5 occurs primarily at ω (0) 3 . The model slightly underestimates the velocity immediately after impact, but the phase diagrams have a substantially similar structure and appearance.
With a 2% increase in the excitation frequency, at f o = 80.3 Hz, the system now exhibits the period-two response illustrated in Figure 6 . The response comprises a stable sequence of alternating impact cycles: a lower amplitude peak with superimposed higher frequency content, followed by a smoother peak of greater amplitude. The frequency content of the responses includes content corresponding to the third and fifth modes in S (0) . With additional increase in the base's excitation frequency to f o = 107 Hz, the structure next exhibits a period-five response as shown in Figure 7 . Each cycle of the structure's motion comprises three displacement peaks with superimposed higher frequency content, and two smoother displacement peaks. The frequency content of the simulated and measured responses includes content corresponding to the third and fifth S (0) modes, and additionally, the simulated response contains several harmonics of those frequencies.
At other excitation frequencies, an aperiodic response develops in which the impacting structure does not achieve a steadystate periodic motion; an example occurs at f o = 97.2 Hz and is shown in Figure 8 . Sections of the measured and simulated Poincaré diagrams are compared in Figure 9 at several phase positions over a single excitation cycle. For phase α = −π/2 the simulation predicts a section comprising a single "leaf" and "stem" structure. A similar, but slightly flattened, section develops at α = −π/4. With increasing phase, the structure stretches and folds with additional stem-like protrusions. The measured Poincaré sections exhibit similar shapes, particularly with respect to the stem features at α − π/4, π/4, and π/2. The features present in the experimental sections are comparable to those in the simulated ones, but the agreement between the simulated and measured results is better at some phases than at others. 
Asymmetric Impact
A second test specimen, which is depicted in Figure 1 (b), was fabricated with a slot in the support base so that the offset distance a could be adjusted in parameter studies. In this case, the central block was doubled in length to L m = 2.54 cm so that the asymmetrical offset distance could be significantly varied. For the "variable a" data provided in Table 1 , the not-in-contact fundamental frequency and damping ratio were measured to be 65.8±0.4 Hz and 0.53%±0.05%, respectively.
The experimental responses are compared for two locations of the impact rod: the symmetric case of impact at the beamblock's center (a = L m /2) and the asymmetric case of impact at the beam-block's edge (a = 0). In Figure 11 , response at each location exhibits period-one behavior at f o = 69.0 Hz, but the character of the responses are clearly different. The response with symmetric impact comprises two maxima and one impact per response cycle, with a near grazing impact occurring between impacts. Motion components occur at the natural frequencies of the first and third S (0) modes. For the case of asymmetric impact, one maximum and three impacts occur each cycle (for instance, at t = 0.0126 s, 0.0145 s, and 0.0172 s). The first S (0) frequency is dominant, and the contributions of higher modes are minimal in this case. In short, the offset impact excites antisymmetric modes, and enables the rigid body to rotate and exhibit multiple impacts per cycle.
Measured responses are next compared with the model's predictions at four excitation frequencies in order to examine the periodicity and complexity of the system's motion. As shown in the time histories of Figure 12 , three impacts occur during each excitation cycle at f o = 50.0 Hz for both the symmetric and asymmetric configurations. However, the impacts are associated with different types of rigid body motion: in the former case, the impacts primarily excite displacement y of the body with period-one motion, and in the latter case, primarily rotation θ with period-two response. Each phase diagram for the symmetric impact configuration in Figure 13 represents a period-one motion, and those for asymmetric impact have higher periodicity. For f o = 108, 115, and 128 Hz, the contributions of the higher-order modes decrease with excitation frequency. For the asymmetric impact configuration, the response for f o = 108 Hz is period-eight with six impacts, and includes content corresponding to the third S (0) mode. At f o = 115 Hz, the a = 0 motion is period-four with three impacts, and comprises primarily the third (symmetric) and fourth (antisymmetric) S (0) modes. At f o = 128 Hz and a = 0, the beam-block structure exhibits an aperiodic response with significant content in the third, fifth, and sixth S (0) modes. With periodicity characteristics similar to those at f o 128 Hz, time histories at f o = 122 Hz are shown in Figure 14 . The motion for the symmetric configuration is period-one with one impact per excitation cycle. For the asymmetric configuration, impacts do not occur for each oscillation of the structure, and the resulting motion is aperiodic. In short, the repetitive impact frequency response becomes complex, and the periodicity becomes higher, when the impact location is offset (a = 0) compared to when it is centered (a = L m /2). 
Stand-off Gap
Even a seemingly small stand-off gap c can cause distinct changes in the response's character at the steady state [3] . The test apparatus shown in Figure 1 (a) was used to investigate the influence of gap on the beam-block structure's dynamics. As shown in Figure 15 , a period-one response with one impact and two relative maxima occurs at f o = 79.0 Hz when c = 0. For a gap of c = 0.13 mm, the response becomes more complex as shown by the time records over the two excitation cycles in Figure 15 . The period-two response includes two maxima and two impacts occur per cycle. For c = 0.32 mm, the structure exhibits an aperiodic response. The interval between impact times varies slightly. In short, the introduction of even a clearance of a third of a millimeter can cause a period-one response to become an aperiodic response, and with a 250% increase in amplitude after impact.
Summary
The repetitive impact vibration of a beam structure that supports an attached rigid body is examined through measurement and simulation. The built-up beam is subjected to a prescribed base excitation, and the rigid body can contact a compliant rod. Through the time histories, phase diagrams, and Poincaré sections, the measurements validate the simulation results obtained from the analytical method which is based on mapping modal coordinates across impact and rebound events. The beam's motion is described in a discontinuous and piecewise fashion as switching between the in-contact and not-in-contact states, and compatibility conditions for the physical displacement and velocity of the beam are applied at the junctions. The experiments demonstrate that the response characteristics associated with repetitive impact become increasingly complex as the eccentricity of the impact location, and gap clearance, grow. The primary findings of this investigation pertain to measurements of repetitive impact vibration in a built-up beam structure, validation of the modal mapping approach (Figures 5-8) , and identification of the model parameters such as asymmetry (Figures 11-14 ) and clearance ( Figure 15 ) that influence the complexity of response. 
